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The purpose of this paper is to study the asymptotic behavior of the zeros of
polynomials of near best approximation to continuous functions f on a compact set
E in the case when f is analytic on the interior of E but not everywhere on the
boundary. For example, suppose E is a finite union of compact intervals of the real
line and fis a continuous function on E, but is not analytic on E; then we show (cf.
Corollary 2.2) that every point of E is a limit point of zeros of the polynomials of
best uniform approximation to f on E. This fact answers a question posed by P.
Borwein who showed that, for the case when £ is a single interval and f is real-
valued, then the above hypotheses on fimply that af least one point of E is the limit
point of zeros of such polynomials.  © 1986 Academic Press, Inc.

1. INTRODUCTION

Let E be a closed bounded set in the z-plane, whose complement K (with
respect to the extended plane) is connected and regular in the sense that X
has a Green’s function G(z) with pole at infinity: G(z) is harmonic in X
except at infinity, and in a neighborhood of the point of infinity we have

G(z)=log | z| + Goy(z), (1.1)
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where Go(z) is harmonic in this neighborhood and approaches a finite
value at infinity; moreover, G(z) is continuous in the closed region K
except at infinity and vanishes on the boundary of K (Walsh [137]). The
function

t=®(z) 1= THE), (1.2)

where H(z) is conjugate to G(z) in K, maps K onto the exterior of the unit
disk. Hence, for z — oo,

|D(z)/z| = 1/c+ O(1/z), (1.3)

with ¢>0; if K is simply connected we normalize H(z) such that
@’(00)=1/c. The constant c is called the capacity or transfinite diameter of
the set E. For each o=1, we consider the equipotential locus

I,:={zekK: G(z)=logs}, (1.4)
with interior
E,:=Eu{zeK:0£G(z)<loga}, (1.5)

where £ denotes the interior of E.

If a function f(z) is continuous on E and analytic on E, there exists a
largest real number ¢ (finite or infinite), say o = p, such that f(z) is single-
valued and analytic on E,. Then, denoting by II, the collection of all com-
plex polynomials of degree <n, there exist (cf. [13]) polynomials p, € IT,,,
n=0, 1, 2,.., such that

- 1
T = palr=. (16)

where we denote by | ‘||z the Chebyshev (uniform) norm on the set E.
Moreover, there exist no polynomials p,, € 11, for which the left-hand side
of (1.6) is less than 1/p. For p>1, a sequence {p,} satisfying (1.6) is said
to converge maximally to f(z) on E.

Walsh [15] proved the following result.

THEOREM l.1. Let E be a closed bounded point set whose complement K
is connected and regular, and suppose f is single-valued and analytic on E,,
where 1 <p < o0 and f cannot be analytically extended as a single-valued
function to I',,. Let {p,}, p,eIl,,n=0,1,2,.., be a sequence of polynomials
converging maximally to f(z) on E, and z, a point of I', that is a limit of
points of E, on which f(z) is not zero. Then z, is a limit point of zeros of the
polynomials p,,.
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It is important to notice that the case when f is continuous on E,
analytic on £ but not everywhere on the boundary JE, ie., p=1, is not
considered in the theorem above.

Theorem 1.1 is a generalization of a result of R. Jentzsch [67] (cf. [12,
p. 238-2417):

THEOREM 1.2. Let f(z)=32 ,a,z’ be a power series with radius of con-
vergence equal to 1. Then every point on the boundary of the unit disk is a
fimit point of the zeros of the partial sums

sf(z)= Y a,z,n=12,.

v=0

Theorem 1.2 was generalized by Ostrowski [8], who considered a
sequence of analyitc functions f,(z) converging uniformly to f{z) on every
compact subset of a region D; he chose for D the largest possible region,
the so-called complete region of uniform convergence. Under various
assumptions as to the growth of f,(z), the speed of convergence and the
nature of f{z), he discussed the zeros of f,(z) in the neighborhood of a par-
ticular boundary point of E.

In [117 Szegd considered the distribution of zeros of a polynomial
sequence {p,},.n converging uniformly to a function f(z) # 0 on every
compact subset of a simply connected region G = E bounded by a finite
number of analytic Jordan arcs and satisfying the following properties:

(A1) neM:={n <nm<ny<- -},
(A2) p.(z)=a,z"+ - ell,\II, |,
(A3) lim,_ . |a,|'"=1/c, where ¢ =cap(E).

Rosenbloom [9] discussed the analogous problem for sequences {p,}
bounded in the neighborhood of some point.

In our theorems, especially in Section 3, the condition that {p,} con-
verges to a function f(z) # 0 in compact subsets of a region is replaced by
the assumption

(A4) lim,_ , [ p.ll{"=1.
In (A3) and (A4), the limits are considered for n=ny, n,,....

The outline of the present paper is as follows. In Section 2, a charac-
terization of functions f(z) that fail to be analytic on E, is given in terms of
the leading coefficients of the polynomials of best uniform approximation
to f(z) on E (Theorem2.1). This result is analogous to the
Cauchy-Hadamard formula for the radius of convergence of a power series.
Moreover, we extend Theorem 1.1 to the case p=1, if {p,} is a sequence
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of near best polynomial approximations. In Section 3, we state our main
results concerning the distribution of the zeros of polynomials p,, satisfying
the conditions (A1)-(A4). As special cases we obtain the results of Szegd
[117]. In Section 4, we discuss the notion of exact harmonic majorant and
its connection with polynomials p, satisfying (A1)}-(A4). Finally, in Sec-
tion 5 the proofs of the results stated in Sections 2 and 3 are given.

2. NEAR BEST POLYNOMIAL APPROXIMATIONS

THEOREM 2.1. Let E be a closed bounded point set whose complement K
is connected and regular, and suppose the function f is continuous on E,
analytic in E. For each n=0,1,2,.., let p¥(z)=a,z"+ - €I, be the
polynomial of best uniform approximation to f on E. Then f is not analytic on
E if and only if

— 1
lim |a,|"" =, (2.1)

n~— o

where ¢ is the capacity of E.

We remark that under the conditions of Theorem 2.1, Mergelyan’s
theorem (cf. [13]) implies that

E(f):=If-pFlz—>0 as n-oco.

COROLLARY 2.1. Let E be as in Theorem 2.1, f continuous on E, analytic
in the interior of E but not on E. If p(z)=b,z"+ -+, n=0,1,.., is a
sequence of polynomials such that

”f—pn ”E=En(f)+8n3 n=0, 17 27---a (22)
where
lim |e, | <1, (2.3)
then
_— 1
lim |b,|Y"= = 2.4)

As a generalization of Theorem 1.1 for the case p =1, we state

THEOREM 2.2. Let E be a closed bounded point set whose complement K
is comnnected and regular, and suppose the function f is continuous on E,
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analytic in the interior of E but not on E. For n=0, 1,..., let p¥e Il be the
polynomial of best uniform approximation to f on E. If z, is a point of the
closure of the set 0E\OS, where

S:={xeE: f(z)=0 in a neighborhood of x}, (2.5)

then z, is a limit point of zeros of the pf, n=0, 1, 2,...
More generally, such a point z, is a limit point of zeros of any sequence of
polynomials {p,}, p, € IT,, n=0, 1,..., that satisfy (2.2) and (2.3).

If the compact set E has empty interior, then clearly the set § of (2.5} is
empty and we get from Theorem 2.2 the following.

COROLLARY 2.2. Let E be a closed bounded point set with E= @ and
connected and regular complement, and suppose f is continuous on E, but not
(everywhere) analytic on E. For n=0,1,..., let p,ell, be a sequence of
polynomials satisfying (2.2) and (2.3). Then every point of E is a limit point
of zeros of the polynomials p,,.

3. DISTRIBUTION OF ZEROS

Because of Theorem 2.1 (resp., Corollary 2.1}, a subsequence of the
polynomials of best uniform approximation p}¥ (resp., the polynomials p,
of Corollary 2.1) satisfies the conditions (A1)}-(A4), when the function f
cannot be analytically extended to OE. Henceforth we assume throughout
this section that {p,},.q IS a sequence of polynomials satisfying the
assumptiions (A1)-(A4). Moreover, all limits as #n — co are considered for
B=Hy, Hyyu.

In stating the next theorems it is convenient to introduce the following
notation: For any set C in C let Z,(C) be the number of zeros of p, in C,
counted with their multiplicities.

THEOREM 3.1. For o> 1, let Z, , :=Z,(K\E,). Then

fim 22 o, (3.1

n—o A

Assume, furthermore, that the complement K is simply connected and write

a,

pa(z)= 2 “Pal2) 44(2), (3.2)

nl
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where q, € Il ;,  is the monic polynomial whose zeros are the zeros of p,(z) in
K\E,. Then, for a suitable choice of branches,

lim ﬁ'f(—%}% =1 (33)

holds locally uniformly in K\E_.

If the boundary 0E of E is a closed Jordan curve, then &(z) is a
univalent conformal mapping from K onto the exterior of the unit disk. As
is well known (cf [5, Theorem 4, p.44]), ®(z) can be extended to a
homeomorphism from K onto {z:|#|21}. Let z= () denote the inverse
mapping of &(z). If z,,,.., z,, are the zeros of the polynomial p, and if
Z,x €K, then

Znk =‘l’(tn,k)= (34)

with tn,k =Pai’ ei(p"’k’ Pnk g 17 P € [Oa 27[)
With the above notation we state

THEOREM 3.2. Assume that OF is a closed Jordan curve. If Z,(E)=o(n)
Jor n— oo, then the arguments ¢, associated with the zeros z,.;, =y(t,,) of
p, in K as in (3.4) are uniformly distributed on the interval [0,2n] in the
sense of Weyl.

Next, we consider the case when K is simply connected and bounded by
Jordan arcs. The equation of a Jordan arc J in C is given for zeJ in
parametric form z=y(¢), where ¢ runs through a real compact interval
La, ], a<b, y(¢) is continuous, and y(¢,)=7(¢,) only if t; =¢,. A Jordan
arc is called analytic if y(¢) is an analytic function on the open interval
(a, b) and y’(¢) #0 for all e (a, b). Hence, there exists a region 4, sym-
metric to the interval (a, b), with the property that y(¢) is analytic for all
te A. If, moreover, Je 0K and the region 4 can be chosen in such a way
that y(¢) € K when ¢ lies in the upper half of 4, and that y(¢) lies outside of
K for ¢ in the lower half, then J is a free one-sided boundary arc of K; if, for
an appropriate 4, y(¢) € K for all 1€ 4\(a, b) then J is a free two-sided boun-
dary arc of K (cf. [1, p.234]).

A point ze€ JK is an accessible boundary point of K if there exists a Jor-
dan arc J with endpoint z such that all other points of J lie in K (cf. [5,
p. 35]). If K is simply connected and all points of 0K are accessible boun-
dary points of K, then, for the inverse mapping y(t) of @(z), there exists a
continuous extension on {z: |¢|=1} ([5, p.43]). If J is a free one-sided
boundary arc of K then there exist two arguments « and f, a < f <a+2m,
such that

V()= {1=e*: ago<p; (35)



ZEROS OF NEAR BEST APPROXIMATION 329

if J is a free two-sided boundary arc of K then there exist four points
B, 4 and B, a < B<d < B<La+2m, such that

Yo' (J)={r=e*asp<forase<f} (36)

(cf. [5, Theorem 1, p. 37]). Moreover, in either case, the function ¥(¢) is
analytic and '(z) # 0 for all interior points ¢ of the inverse image ¢ ~*(J)
(cf. {5, Theorem 5, p. 441]).

THEOREM 3.3. Let K be simply connected with only accessible boundary
points, let J be a subarc in the interior of a free one-sided boundary arc of K
such that the connected component B of E, where J< B, is a Jordan region.
Furthermore, assume

Z,(C)=o(n), asn— oo, (3.7;

Jor any compact set C in B. Then there exists a real number ¢4, 0 <8, <1,
such that the function (1) can be extended analytically to the closed region
T(eg), where y(T(eo)) = KU B and, for any 0<e< 1, T(¢) is the point set

T(e) = {1=pe*: 1 —¢<p<1+e as@<h) (38)

and o, B are defined by (3.5). Moreover for the distribution of the zeros of the
polynomials p, in the closed region J(¢) :=y(T{c)), O <e=eg,, we have

fim 22 _f—a (3.9)

n— oo n 2n

THEOREM 3.4. Let K be simply connected with only accessible boundary
points, let J be a subarc in the interior of a free two-sided boundary arc of K.
Then, for any >0, the distribution of the zeros of the polynomiais p,, in the
closed region :

Je)={z=y(1): t=pe”, 1Zp<1+easg<Pord<e=f} (3.10)
satisfies

i Zo(@)_ p—a+B-a

- o n 2n

, (3.11)

where a, B, & and f are defined by (3.6).

We remark that the above theorems apply to simply connected K where
the boundary 0K is composed of a finite number of free one-sided or two-
sided boundary arcs. If the sequence {p,} converges locally uniformly in £
to a function f(z) # 0, then by Hurwitz’s theorem, condition (3.7} is
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Fi1G. 1. Zeros of p%(x), the best approximation to f(x)= \/; on E=[0,1].

automatically satisfied. Thus Theorem 3.3 contains as special cases certain
theorems of Szegoé [11].

COROLLARY 3.1. With the same hypothesis as in Theorem 3.3 let D be a
neighborhood of the interior of J such that DnO0E=J. Then

fim 242 _ B2

3.12
n - o0 n 2n ( )

COROLLARY 3.2. Let K and J be as in Theorem 3.4, D a neighborhood of
the interior of J such that D " 0E =J. Then

Hm Zn(D)=ﬁ—a+B’_a
n— o n 27

(3.13)

To illustrate the resuits of Corollary 2.2 and Theorem 3.4, we include
Fig. 1 and 2 which show the zeros of the best approximating polynomials
DP3(x) and py(x), respectively, to f(x) = \/; on [0, 1]. The figures indicate
the convergence of the zeros to the set E= [0, 1] as well as their uniform
distribution as described above. We wish to thank Professor R.S. Varga
for these valuable computations.

We remark that the results of this section also apply to the polynomials
p¥-p¥_ |, n=1,2,., for an appropriate subsequence, where p* e Il, is, as
in Section 2, the polynomial of best uniform approximation to f on E. In
the case when E=[a, b] and f is real-valued, all zeros of p}¥-p*_, lie in
[a, b] and must interlace the extreme points of f—pk. Thus we get from
Theorem 3.4 a Kadec-type theorem concerning the distribution of extreme
points. But we must emphasize that the results of Kadec [7] and Fuchs
[4] are sharper since they give estimations for the distance between the
extreme points of f— p¥ and the extreme points of the Chebyshev
polynomials T, ;(x) in the case E=[ —1, 1].

s

.

1

F1G. 2. Zeros of p§(x), the best approximation to f{x) =\/; on E=[0,1].
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4. Exact HARMONIC MAJORANTS

An essential tool for proving the theorems of Sections 2 and 3 is the con-
cept of exact harmonic majorants introduced by Walsh [14].

DepNITION [14]. Let {F,} be a sequence of locally single-valued
analytic functions (except possibly for branch points) in a region D of the
z-plane, whose modulus | F,(z)]| is single-valued in D. If the function V{(z) is
harmonic in D and if we have for every continuum § (S not a single point)}
in D the relation

lim | F,|s<maxe"?, (4.1)
71— 0 zesS

then V(z) is a harmonic majorant for the sequence {F,} in D. If in (4.1) the
equality holds for every S, then V(z) is an exact harmonic majorant.

THEOREM 4.1 (Walsh [14]). If V(z) is a harmonic majorant for the
sequence {F,} in D, and if for a single continuum S equality holds in (4.1),
then V(z) is an exact harmonic majorant of the sequence {F,} in D.

There is an intimate relation between an exact harmonic majorant for
the sequence {F,} and the zeros of the functions F,(z), namely,

THEOREM 4.2 (Walsh [14]). Let V(z) be an exact harmonic majorant in
D for the sequence {fY"} and every subsequence of {f."}, where the
Sfunctions f,(z) are analytic in D. If y is a closed disk that lies in D and if
Z,(y) is the number of zeros of f, in y, then

fim 22 _

n— oo n

0. (4.2)

For the proof of our main results it is also convenient to have for
reference the following lemmas.

LemMma 4.1. Let E be a closed bounded set whose complement K in the
extended z-plane is connected and regular. If p,{z}=a,z"+ -+ €ll,, then

1
Cﬂ

ianlé ” pn”E, (4'3)

where ¢ is the capacity of E.
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Proof. TInequality (4.3) is a consequence of the generalized Bernstein
inequality due to Walsh [13, p. 78]; namely,

Pnlz)
d(z)"

S| pallgs forall zeKk, 44)

where &(z) is the mapping of (1.2). Letting z — oo then yields (4.3). |

LeMMA 4.2. If the polynomial sequence {p,} satisfies (A1)-(A4), then
the Green’s function G(z) is an exact harmonic majorant in C\E for every
subsequence of the sequence {pY"}, .

Proof. Using (A4) and (44), it follows that G(z) is a harmonic
majorant in C\E for the sequence {pl/"}, . Let us assume that G(z) is

not an exact harmonic majorant in C\E. Then, from Theorem 4.1, we must
have

lim | p, ¥ <o, (4.5)

for every o > 1. Fix any such value of 6. On applying Lemma 4.1 (with E
replaced by E,), we get

1
Ianlé'(o__cj';,Hpn“Fg’ (46)

since oc is the capacity of E_. But then, from (4.5), it follows that

— 1
lim |a,|'" <=,
n— w C

which contradicts property (A3). Thus G(z) is an exact harmonic majorant
for {pl"},cqn. Clearly, the above argument applies also to any sub-
sequence of {pi*}, . q. |

5. PrROOFS

Proof of Theorem2.1. First we note, by Lemma 4.1 and the fact that
{Ilp¥| g} is a bounded sequence, that

-— 1
lim |a,|'"<-. (5.1)
n— oo 4

Now suppose that (2.1) holds. We wish to show that f cannot be
analytically extended to 0E. Assume, to the contrary, that f is analytic on
E. Then f is analytic in E,, for some o> 1. But then, since p* is a
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maximally convergent (cf. [13]) sequence, p* — f uniformly on E_ . Hence
from Lemma 4.1, we get (with E replaced by E,)

— T 1
lim [a,|""£—<-, (52)
n— o agc I

which contradicts (2.1).
Next, assume that f'is not (everywhere) analytic on JE. If Eq. (2.1) does
not hold, then from (5.1} we have

_ 1
lim |a,|"" <. (5.3)

n-—s o

Let T, (z)=z"+ -+ €ll,, n=0, 1,..., be the Chebyshev polynomials for £,
ie.,

“Tn”=min{“2n—'qn~l”E:qn~l eHn—l}’
and define
ﬁn—l ::p:‘k——anTn‘ (5'4)

Clearly, p,_, € I,_, for each n=1. Moreover, since
Jim Tl =c (5.5)
(cf. [57), it follows from (5.3) that
T [ pf—p,- (<1 (5:6)

Also, from the extremal property of p¥_,, we have
E, (fy=1f—p¥ileslf—=P.ile
SHf=pXle+ i pr—Prlle
=E()+1p7—Br1lle
and hence
E, \(f)—ELN=pr—Pu ik
But then, from (5.6), we find

lim {E,_.(f)—E.(f)}"<1, (5.7)
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and since, by Mergelyan’s theorem, E,(f)— 0 as n — oo, we get

Tim [E,(/)]"<1. (58)
As is well known, inequality (5.8) implies that f is analytic on E (cf. [13])

which is the desired contradiction. ||

Proof of Corollary 2.1. Clearly, from Lemma 4.1,

-— 1
lim |b,,|1/"§z. (5.9)

n— o0

Let us assume that strict inequality holds in (5.9). Since, as in the proof of
Theorem 2.1, we have

E, ()2 f=(pn—b.To)e
Sf=palle +16.T, | g,

it follows from (2.2) that

En—l(f)_En(f)égn + ”bnTn“E

Thus (2.3) and the assumption of strict inequality in (5.9) yield
lim {E, (/)= E()}'" <L,

which contradicts the fact that f is not analytic on E. ||

We remark that the assumption of (2.3) in Corollary 2.1 can be replaced
by the condition

i e, =0o(E,,_ (), as m-— 0. (2.39)

Proof of Theorem?2.2. Because of Theorem 2.1 and Lemma 4.2, there
exists a subset

Ni={n <n,<ny< -}

of the natural numbers such that the Green’s function G(z) is an exact har-
monic majorant in C\E for every subsequence of {p*(z)'"},. x. Let z, €
O0E\OS and assume, to the contrary, that there exists an open disk U cen-
tered at z, that contains no zeros of p* for n=n,. Since S<E, we can
choose U such that

UnS=g. (5.10)
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For ze U and each n2n,, we define the single-valued analytic function
1
fu(2) = p¥(z)/"=exp <;1—log p’,‘,‘(z)) (5.11)

by taking the branch of log p}(z) in U for which
—n<Imlog p¥(zy)Zm. (5.12)

From the fact that {p¥} is uniformly bounded on E, it follows that the
functions £, are uniformly bounded in U. Hence there exists a subsequence
of {futnems 52y {fu}nen>» M N, that converges locally uniformiy to an
analytic function g(z) in U. From the boundedness of the sequence
{pX¥(zo)}, we conclude that | g(z,)| 1. Also, since G(z) is an exact har-
monic majorant of {p*(z))""},.a in C\E, it follows that | g(z)|>1 in
Un (C\E). Hence g(z) is nonconstant in U and so the open point set

Vi={zeU: |g(z)|<1}

is nonempty. Since ¥V (C\E)=(J, we have V< E and f(z)=0 for all
zeV. But then V<=8 and so Un S# (¥, which contradicts (5.10). The
theorem 1is therefore proved for all ze dE\OS, and consequently for all
points z belonging to the closure of 0E\dS.

From Corollary 2.1, it follows that the above argument also applies to
any sequence {p,}, n=0, 1,..,, satisfying (2.2). §

Proof of Theorem 3.1. Let 6>1 and choose o, 2a such that the level
curve I, consists of a single Jordan curve. Then there exists a finite cover-

ing of K\E,,
K\Ea C(K\EZaQ)USI US2 oot USm7

where S, S,,..., S,, are disks in K. Then (3.1} is proved if

fim 2o S8 (5.13)
B 00 n n— o n
and
lim E"_(_IS\_E_ZEL)=0, (5.14)
n— n

Lemma 4.2 and Theorem 4.2 show that (5.13) is satisfied. To prove (5.14),
let z,, 1, Z 250 Znw, bE the zeros of p,(z) in K\E,,, N, :=Z,(K\E,,,). Let
z=Yo(t)=ct+ --- denote the single-valued analytic mapping of |¢| > g,
onto K\E,,. Then we can write

Zn,l = tpO(tn,l)’ Zn,2 = '/’o(ln,z),--»a Zn,N,1 = Wo(tn,N,,):
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with |¢,,1220, for k=1, 2,.., N,. The function

gn:“wwnﬂ( MW

t— tnk

is analytic in {z: |#|=0,}, even at co. Using the maximum principle, we get

max | g(6)1=] g(o0)|

tl =00
or

Mw%_mwa"mﬁlmL

Since ” Pn ” I, éO’g ” Pn ”E and ltn,kl 22607 we obtain
log | p.llz2zlogla,|+n-logc+ N, log2

or

log | pall s —log|a,| —n-logc

N,
log 2

n

IA

(5.15)

From (A4), we know that
i 108112015

n— o0

=0,

and together with condition (A3) we obtain from (5.15) that

Z,(K\E5y,)
n

lim ]—V—" = lim =0.

no-wc N n-— oo

Consequently (3.1) is true.
Next, let 5, and g, as in (3.2). For ze K\E,, set

5 (Z)} 1/(n—2Zy0)

h(z) = A2 A (5.16)

where the branch is chosen such that £, (c0)> 0. For ze E, we have

" | pa(2)]
[ Balz)| = )

where d, is the minimal distance from I, to the set E. Since

B(2)
[o(:)T" 2
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is analytic in K, we get from the maximum principle for ze K.

PG VAR
[P " 7 = ()

Therefore we get from (3.1) and (A4) that the functions 4,(z) are uniformly
bounded in K\E, and satisfy

lim |h,(z)| < Tm | p, )| Yo% =1. (5.17)

Moreover, because of the normalization in (5.16) and the condition {A3}, it
follows that

lim A, (c0)=1. (5.18)

Since each function h,(z) is analytic in (K\E,), we conclude from (5.17),

(5.18), and the maximum principle that the functions #,(z) converge
uniformly to the constant function 1 in any compact subset of K\E,. §

Proof of Theorem 3.2. We know from the preceding proof that the
functions log #4,(z) converge uniformly to zero in any compact set C of
K\E,, if we take for the logarithm the branch with log /,(c0)=0. Con-
sequently, on differentiating log £,(z), we get

1 B e
7 e B

locally uniformly in K\E,. Then, from the definition of ,(z) in (3.2), we
can write

L 1 P(2)

nowohn—2,, nn e By L Znk D(z)

(5.19)

locally uniformly in K\E,. Now, let f(z) be a polynomial. Then we get
from (5.19) and the fact that Z, , = o(n) for n— co:

B 1 D'(z)
nllngo n 2 EE:E i) = 2mi L"‘,* @) D(z) 4
e Es o (5.20)
- 2—7rfo f(a*e™)) do,

where o* > o. Since the integral on the right-hand side of (5.20) is the same

640/46/4-2
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if we integrate over I', instead of I',« for 1 <t <a¥*, if follows from the
uniform continuity of foyy on {#:1<|f| Lo*} that

im LY fe0=5 [T e do (s21)

for every polynomial f. Since Z,(E)= o(n) for n — co, we may restrict the
sum in (5.21) to be over all zeros z,,; = p, e~ with z,, e KN E,. Using
now for the left-hand side of (5.21) the uniform continuity of f oy on the
set {#:1<|t| <o} again, we obtain, together with (3.1),

llm = Y fW(e)= f J(W(e)) do, (5.22)

Zp, kEK

for any polynomial f, where ¢, , =arg(z,,) as in (3.4). But clearly, then
(5.22) holds for any function f analytic in £ and continuous in E.

The arguments ¢, , are uniformly distributed in the sense of Weyl on
[0, 2n] iff

1 1 (2=
lim ~ 3 glon)=5] &@)do (5:23)

n— o PTY 4

holds for any continuous real-valued function g(¢) with period 2z. Let us
therefore consider a function &=A(z) mapping E conformally onto the
interior of the unit disk. Then there exists a continuous extension of 1(z) on
E, such that the inverse map z = pu(¢) is continuous on {&: || <1} (cf. [5,
p-44]). For a given continuous real-valued g(¢) with period 2n the
function

ey (L2

is continuous on {¢: || =1}. Hence, for any ¢ >0 there exists an algebraic
polynomial ¢(&) such that

max |Re g(&) —A(&)|<e.

Using (5.22) for f(z) = g(4(z)), we get for the real part in (5.22):

. 1 1 2n
lim = Y 2(on) 5 | &(0)do|<2e

n— w P o

Since this is true for any ¢> 0, (5.23) is proved. |
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Proof of Theorem 3.3. Using the first part of the proof of the preceding
theorem, we know that Eq. (5.21) holds for f a polynomial, ¢ > 1. Now, we
use the partitioning

X =X+ X
zZnk € Eq o€k znk € EANE
Since f oy is uniformly continuous on {#: 1| <|¢|<¢} and (3.1) holds, we
conclude, as in the proof of Theorem 3.2, that

1
lim - Y f(an)—llm = Y flg(e)),

nv’oonz,,keE\E z,,keK

where, as in (3.4), z,, =¥(p,.e**) for z,, € K. Hence we have

jm 2| 5 DFORES> S|

n—oo M
1 e = K (5.24)

o= [ e do,

for every polynomial f. But then (5.24) is true for all functions f analytic in
E and continuous on E.

Let J be contained in the interior of the free one-sided boundary arc J4
of K. 1t follows by the reflection principle that (¢) can be extended
analytically to T(g,) for some &, >0 such that (7{gy)) = KU B.

Considering the Jordan region B of E, where Jc B, we define a fixed
conformal one-to-one mapping ¢ = A(z) from B onto the interior of the unit
disk such that the continuous extension onto B satisfies

Az =e™ and T(z,)=e",

where z, =y(e™) and z, =y(e?). Let z=ji(¢) denote the continuous
inverse function of ¢ = 1(z) mapping {¢:|¢|<1} onto B, and let

Jo= (W) 1=, a* <o < f*), (525)

where o* <a < < f*. We fix a real number § > 0 such that
. f—ua
O<d<min|a—oa* ﬁ*—ﬁ,——z— , (5.26})

and construct the continuous, real-valued, 2z-periodic function g;(¢),
whose graph is made up of straight-line segments connecting the points

(B+06—2m,0), (0—05,0), (o, 1), (B. 1), (B+0,0)
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Analogously the graph of the 2n-periodic function g;,(¢) is made up of
straight-line segments connecting the points

(B—2m,0),(x, 0), (x+6,1), (-6, 1), (B, 0).

Since & can be extended analytically onto the interior int(J/,) of J; [5], the
functions 45 (&) defined for |£] =1 by

log &(ji(& -~

haot) =g, (B, for ee T,

=0, elsewhere,

are continuous (v=1,2). Now, there exist algebraic polynomials g5,(¢)
and gq;,(¢) such that

max |Re (g5,(£)) —hs, ()] <0 (5.27)

Let S be some connected component of E\B: Since K is connected, the
intersection S B contains exactly one point. Therefore, for v=1, 2, the
continuous extension Q; ,(z) to E of the function ¢;,(4(z)), where 05,(z) is
constant on each connected component of E\B, is well-defined. Moreover,
Q5.,(2) is analytic in E and we may apply (5.24) to f(z) = 0;.(z). Consider-
ing the real part of (5.24), we get with (5.27) for the right-hand side

p—a
2n

Re( 52 [ Qantite”) ) do = L2% + ),
Yo

where lim;_, , R,(8)=0 for v=1, 2. Because of (5.27) there exists a positive
number &, <¢, such that

Re(Qs4(z))21—296, forall zelJ(g;)nB, (5.29)

and a positive number ¢, <¢, such that
Re(Q;,(2)) <26,  forall zeB(e\J(e,), (5.30)
where
B(ey) = {ze B:z= (&), |£| 21—+, }.

Since Re(Q;,(z)) is harmonic in B, it follows by (5.27) and the definition of
QUs.(z) that for all ze E,

Re(Q51(2))2 —0  and  Re(Q;,(z))S1+4. (5.31)
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Moreover, by definition we have

Re(Qs4(2)) =9, forall zeFE\B. {5.32)
Assumption (3.7) yields

Z,(B\B(g,)) = o(n), as n— . {5.33)

Hence, by (5.29) and (5.31), we obtain

1 .
;Re[ Z Q5.1(zni) + qua’l(w(el(Pn,k))]

z,,,kel'f zZnk € K
n n
or, using (5.24) and (5.28):
N Z —_
im 22 B2 syt (5.34)

n— o n 2n

Concerning the function Q;,(z), we obtain by (5.30)-(5.33) that

2Re| T 0uute)t T Qualiten)|

zn,keﬁ‘ zppe K
§£"(JT(@(1+5)+25+0(;1),

and, again by (5.24), (5.28):

fim Z,(J(&1)) > B—
n-» o n 2n

X 4 RA(6)— 36+ 0(n). (5.35)

Since § can be arbitrarily small, (3.9) follows from (5.34), (5.35), and
(3.7). K

Proof of Theorem 3.4. Let J be a subarc in the interior of the free two-
sided boundary arc J,,

Ji={Y(t):t=e% a*s@<p*},

where a* <a < < f* For

N p—— )
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we consider the real-valued functions g;,(¢), whose graph is made up by
straight-line segments connecting the points

(B+0—-2m0), (x—6,0), (2 1), (B, 1), (f+9,0)

and the function g;,(¢) whose graph is made up by straight-line segments
between the points

(B—2m,0), (¢,0),(x+06,1),(B—0,1),(B,0).
We define for ze E and v =1, 2 the functions

fé,v(z) = gé,v((p)a fOI' z= lﬁ(l) Wlth t= ei(p and @ € [(X*, ﬂ*]’
=0, for ze E\J;.

Jf51(z) and f5,(z) are analytic on E, contionuous on E, and we may apply the
Eq. (5.24). Since f5 1(z) = f5,(z) =0 in E, we conclude from (5.24) that

1 .
lim — 3 f5,((e+))

n— 0

1 (2= )
=5 [ e do
= 'B—%nﬁ"“ + R,(5), (5.36)

where lim; , o R,(0)=0. Inserting in (5.36) the inequalities

LS fuatueenyz 200

z,,keK

and

LS foaerny s 20 “‘8))

z,, rekK
we obtain, since 0 >0 can be chosen arbitrarily small:

lim Z,(Je) _p—a+f- i3
n— o n 27

Proof of Corollary 3.1. Let J be a subarc in the interior of the free one-
sided boundary arc J,, with J, represented as in (5.25). We fix again 6 >0
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such that (5.26) holds. Then there exists g, > 0 such that y/(¢) can be exten-
ded to a conformal mapping on the set

{t=pe® p21—gy,a—5Zp<B+6}.
Let 0<e=<g, and define
Jo(e):={Y(t):t=pe”, 1 —e<p<1l+ga—0S@sf+5}.
Then there exists ¢, > 0 such that Js(e)c KU B and
(DnE;,.)c(Jse)uB)
for all 0 <e<e¢,. For such ¢ the set
C:=Dn(B\Js(&)
is compact in B. Hence, by (3.7), we get for any 0 <e<g,

1 Zn(ﬁmEl—H-:)S lim Zn(‘lé(s))

nlirrio " Tim a— (5.37)
Analogously, let
J¥e) = {Y(t): t=pe?, 1 —e<p=<ltega+dZepsf—5}.
Then there exists a real number ¢,, 0 <e, <g,, such that
J¥(e,) = D.
Consequently,

Since § can be chosen arbitrary small, we conclude from (3.1) in
Theorem 3.1, Theorem 3.3, and the inequalities (5.37) and (5.38) that (3.12}
is true. §

Corollary 3.2 is obtained by using just the same arguments.
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